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Abstract

An on-linerecursivealgorithmfor trainingsupportvectormachines,one
vector at a time, is presented.Adiabatic incrementsretain the Kuhn-
Tucker conditionson all previously seentraining data, in a number
of stepseachcomputedanalytically. The incrementalprocedureis re-
versible,anddecremental“unlearning”offersanefficient methodto ex-
actly evaluateleave-one-outgeneralizationperformance.Interpretation
of decrementalunlearningin featurespaceshedslight ontherelationship
betweengeneralizationandgeometryof thedata.

1 Intr oduction

Traininga supportvectormachine(SVM) requiressolvinga quadraticprogramming(QP)
problemin a numberof coefficientsequalto the numberof training examples.For very
largedatasets,standardnumerictechniquesfor QPbecomeinfeasible.Practicaltechniques
decomposetheprobleminto manageablesubproblemsoverpartof thedata[7, 5] or, in the
limit, performiterative pairwise[8] or component-wise[3] optimization.A disadvantage
of thesetechniquesis that they maygive anapproximatesolution,andmayrequiremany
passesthroughthedatasetto reacha reasonablelevel of convergence.An on-linealterna-
tive,thatformulatesthe(exact)solutionfor

�����
trainingdatain termsof thatfor

�
dataand

onenew datapoint, is presentedhere.Theincrementalprocedureis reversible,anddecre-
mental“unlearning”of eachtrainingsampleproducesanexact leave-one-outestimateof
generalizationperformanceon thetrainingset.

2 IncrementalSVM Learning

TraininganSVM “incrementally”onnew databy discardingall previousdataexcepttheir
supportvectors,givesonly approximateresults[11]. In what follows we considerincre-
mentallearningasanexacton-linemethodto constructthesolutionrecursively, onepoint
atatime. Thekey is to retaintheKuhn-Tucker(KT) conditionsonall previouslyseendata,
while “adiabatically”addinganew datapoint to thesolution.

2.1 Kuhn-Tucker conditions

In SVM classification,the optimal separatingfunction reducesto a linear combination
of kernelson the training data, ���
	���
������ ������� �
	 ��� 	�� ��� , with training vectors 	��
andcorrespondinglabels � ��
! � . In the dual formulationof the training problem,the"
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Figure1: Soft-margin classificationSVM training.

coefficients �,� areobtainedby minimizing a convex quadraticobjective function under
constraints[12] -�.0/1�243657298;:�< 
 �=?> �A@ � �,�7BC� � � �ED > � �,� �F� > � � �G�H� (1)

with Lagrangemultiplier (andoffset)
�
, andwith symmetricpositivedefinitekernelmatrixBC� � 
 � � ����� �A	�� � 	 � � . Thefirst-orderconditionson < reduceto the Kuhn-Tucker (KT)

conditions:I �H
KJ <J �,� 
 > � BC� � � � � � � � D � 
 � �7���
	��7� D � LNMPORQ � � 
 O
 ORQ O�S �,� S�TU ORQ � � 
 T (2)J <J � 
 > � � � � � 
 O (3)

which partitionthetrainingdata V andcorrespondingcoefficients WX� � � ��Y , Z[
 � ��\�\�\ � , in
threecategoriesasillustratedin Figure1 [9]: theset ] of margin supportvectors strictly
on themargin ( � �G���A	��^�_
 � ), theset ` of error supportvectorsexceedingthemargin (not
necessarilymisclassified),andtheremainingset a of (ignored)vectorswithin themargin.

2.2 Adiabatic increments

The margin vectorcoefficientschangevalueduring eachincrementalstepto keepall el-
ementsin V in equilibrium, i.e.,keeptheir KT conditionssatisfied.In particular, theKT
conditionsareexpresseddifferentiallyas:b I �c
 BC�ed b ��d � >�gf6h Bi� � b � � � � � b � � j ZlkmVonpWXq Y (4)O 
 � d b ��d � >�gf6h ��� b � � (5)

where��d is thecoefficientbeingincremented,initially zero,of a“candidate”vectoroutsideV . Since

I �sr O for the margin vectorworking set ]t
uW�vxw ��\�\�\ v�y{z Y , the changesin
coefficientsmustsatisfy |~}����� b �b �����

...b � �7� z
����� 
 D

���� � dBi���{d
...Bi� � z d

����� b ��d (6)

with symmetricbut notpositive-definiteJacobian

|
:| 
 ���� O � � � }�}�} � �7� z� ��� Bi������� }�}�} B?����� � z

...
...

...
...� �7� z B �7� z � � }�}�} B �7� z �7� z

����� \ (7)



Thus,in equilibrium b � 
 � b � d (8)b � � 
 � � b ��d � j�� kmV (9)

with coefficientsensitivitiesgivenby���� ��4���
...� � � z

� ��� 
 D��
}����� � dBi����d

...B � � z d
� ��� (10)

where � 
 |C� w , and � � r O for all � outside] . Substitutedin (4), themarginschange
accordingto: b I �H
���� b �,d � j Zlk�Von�WXq Y (11)

with margin sensitivities���,
�BC��d � >�gf6h BC� � � � � � �G� � j Z��k�] (12)

and ����r O for all Z in ] .

2.3 Bookkeeping:upper limit on increment
b � d

It hasbeentacitly assumedabovethat
b �,d is smallenoughsothatnoelementof V moves

across] , ` and/or a in the process.Sincethe � � and

I � changewith ��d through(9)
and (11), somebookkeepingis requiredto checkeachof the following conditions,and
determinethelargestpossibleincrement

b � d accordingly:

1. ���_��� , with equalitywhen   joins ¡ ;

2. ¢ � �¤£ , with equalitywhen   joins ¥ ;

3. �¦��¢�§��¤£ , ¨ª©C«s¡ , with equality � when© transfersfrom ¡ to ¬ , andequality £ when© transfersfrom ¡ to ¥ ;

4. �X­���� , ¨�®�«s¥ , with equalitywhen ® transfersfrom ¥ to ¡ ;

5. �X­�¯�� , ¨�®�«s¬ , with equalitywhen ® transfersfrom ¬ to ¡ .

2.4 Recursivemagic: � updates

To addcandidateq to theworkingmargin vectorset ] , � is expandedas:

�±° ���� � O
...OO

}�}�}
O O

� ��� � ���d
����� �� � �

...�4� � z�
� ����
}6² � � � � � }�}�} � �7� z � ��³ (13)

The sameformula appliesto addany vector(not necessarilythe candidate)q to ] , with
parameters� , � � and ��d calculatedas(10)and(12).
Theexpansionof � , asincrementallearningitself, is reversible.To removeamarginvector´

from ] , � is contractedas:� � ��°N� � �ED��¶µgµ � w � � µ��¶µ·� j Z �^� kp]�n�W O Y Q Z �^�¶¸
 ´ (14)

whereindex O refersto the
�
-term.

The � updaterules(13) and(14) aresimilar to on-linerecursive estimationof thecovari-
anceof (sparsified)Gaussianprocesses[2].
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Figure2: Incrementallearning.A new vector, initially for � d 
 O classifiedwith negative
margin

I d S�O , becomesanew margin or errorvector.

2.5 Incr ementalprocedure

Let
��¿N�À�¶�

, by addingpoint q (candidatemarginor errorvector)to V : V yÂÁHw 
~V y n�WXq Y .
Thenthenew solution WX� y7Á,w� � � y7ÁHw Y , Z�
 � ��\�\�\ ����� is expressedin termsof thepresent
solution WX� y � � � y Y , thepresentJacobianinverse� , andthecandidate	 d , � d , as:

Algorithm 1 (Incr ementalLearning, ÃlÄKÃ�Å;Æ )
1. Initialize ¢ � to zero;

2. If ���_Ç�� , terminate(   is not a margin or error vector);

3. If ���C��� , apply the largestpossibleincrement¢4� so that (thefirst) oneof the following
conditionsoccurs:

(a) � �ÉÈ � : Add   to margin set ¡ , updateÊ accordingly, andterminate;
(b) ¢4� È £ : Add   to error set ¥ , andterminate;

(c) Elementsof Ë¦Ì migrate across ¡ , ¥ , and ¬ (“bookkeeping,” section2.3): Update
membershipof elementsand,if ¡ changes,updateÊ accordingly.

andrepeatasnecessary.

The incrementalprocedureis illustratedin Figure2. Old vectors,from previously seen
trainingdata,maychangestatusalongtheway, but theprocessof addingthetrainingdataq to thesolutionconvergesin a finite numberof steps.

2.6 Practical considerations

Thetrajectoryof anexampleincrementaltrainingsessionis shown in Figure3. Thealgo-
rithm yieldsresultsidenticalto thoseat convergenceusingotherQPapproaches[7], with
comparablespeedsonvariousdatasetsrangingup to severalthousandstrainingpoints1.
A practicalon-linevariantfor largerdatasetsis obtainedby keepingtrackonly of a limited
setof “reserve” vectors: aÍ
ÍWXZ?k�VÏÎ O;S I � SÑÐ Y , anddiscardingall datafor which
I � MÒÐ . For small Ð , this implies a smalloverheadin memoryover ] and ` . The largerÐ , the smallerthe probabilityof missinga futuremargin or error vectorin previousdata.
Theresultingstoragerequirementsaredominatedby thatfor theinverseJacobian� , which
scaleas � � h ��Ó where

� h is thenumberof margin supportvectors,ÔÕ] .

3 Decremental“Unlear ning”

Leave-one-out(LOO) is a standardprocedurein predictingthegeneralizationpower of a
trainedclassifier, both from a theoreticaland empiricalperspective [12]. It is naturally
implementedby decrementalunlearning, adiabaticreversalof incrementallearning,on
eachof thetrainingdatafrom thefull trainedsolution.Similar (but different)bookkeeping
of elementsmigratingacross] , ` and a appliesasin theincrementalcase.

1Matlabcodeanddataareavailableat http://bach.ece.jhu.edu/pub/gert/svm/incremental.
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Figure3: Trajectoryof coefficients �,� asa functionof iterationstepduring training, for� 
 � O6O non-separablepoints in two dimensions,with T 
 � O , andusinga Gaussian
kernelwith ú�
 � . Thedatasequenceis shown on theleft.

Cû αü c

gc

αü c

gc

αc=ý C
-1 -1

αü c

gc
\c

gc
\c

Figure4: Leave-one-out(LOO) decrementalunlearning( �,d ¿ O ) for estimatinggeneral-
izationperformance,directlyon thetrainingdata.

I dÿþ d S D � revealsa LOO classification
error.

3.1 Leave-one-outprocedure

Let
��¿Ï� D � , by removing point q (margin or errorvector)from V : V þ d 
~V��EW�q Y . The

solution WX� �Gþ d � � þ d Y is expressedin termsof WX� � � ��Y , � andtheremovedpoint 	 d , � d . The
solutionyields

I dÿþ d , whichdetermineswhetherleaving q outof thetrainingsetgeneratesa
classificationerror(

I d·þ d S D � ). Startingfrom thefull
�
-pointsolution:

Algorithm 2 (DecrementalUnlearning, ÃÉÄ±Ã���Æ , and LOO Classification)

1. If   is notamargin or error vector:Terminate, “corr ect” (   isalreadyleft out,andcorrectly
classified);

2. If   is a margin or error vectorwith � ��� ��Æ : Terminate, “incorr ect” (by defaultas a
trainingerror);

3. If   is a margin or error vectorwith ����¯���Æ , applythelargestpossibledecrement¢4� so
that (thefirst) oneof thefollowingconditionsoccurs:

(a) ��� � ��Æ : Terminate, “incorr ect”;
(b) ¢ ��È � : Terminate, “corr ect”;

(c) Elementsof Ë¦Ì migrateacross ¡ , ¥ , and ¬ : Updatemembershipof elementsand,
if ¡ changes,updateÊ accordingly.

andrepeatasnecessary.

Theleave-one-outprocedureis illustratedin Figure4.



� � 	 
 � � �

 �

 � � �

 � � 


 � � 	

 � � �
�

α�

� �

Figure5: Trajectoryof LOO margin

I d asa functionof leave-one-outcoefficient ��d . The
dataandparametersareasin Figure3.

3.2 Leave-one-outconsiderations

If an exact LOO estimateis requested,two passesthroughthe dataare required. The
LOO passhassimilar run-timecomplexity andmemoryrequirementsasthe incremental
learningprocedure.This is significantlybetterthantheconventionalapproachto empirical
LOO evaluationwhichrequires

�
(partialbut possiblystill extensive) trainingsessions.

Thereis a clearcorrespondencebetweengeneralizationperformanceandtheLOO margin
sensitivity ��d . As shown in Figure4, thevalueof theLOO margin

I d þ d is obtainedfrom
thesequenceof

I d vs. � d segmentsfor eachof thedecrementsteps,andthusdetermined
by theirslopes��d . Incidentally, theLOO approximationusinglinearresponsetheoryin [6]
correspondsto thefirst segmentof theLOO procedure,effectively extrapolatingthevalue
of

I d þ d from the initial valueof � d . This simpleLOO approximationgivessatisfactory
resultsin most(thoughnotall) casesasillustratedin theexampleLOO sessionof Figure5.
Recentwork in statisticallearningtheoryhassoughtimprovedgeneralizationperformance
by consideringnon-uniformityof distributionsin featurespace[13] or non-uniformityin
thekernelmatrixeigenspectrum[10]. A geometricalinterpretationof decrementalunlearn-
ing, presentednext, shedsfurther light on thedependenceof generalizationperformance,
through��d , on thegeometryof thedata.

4 Geometric Inter pretation in Feature Space

ThedifferentialKuhn-Tuckerconditions(4) and(5) translatedirectly in termsof thesensi-
tivities � � and � � as� � 
 B ��d � >�gf6h B � � � � � � � � j Zlk�VonpW�q Y (15)O 
 � d � >�gf6h � � � � \ (16)

Throughthenonlinearmap � � r � ��� �
	 � � into featurespace,thekernelmatrix elements
reduceto linearinnerproducts:B � � 
 � � � � � �
	 � � 	 � �_
�� � } � � � j Z �7� (17)

andtheKT sensitivity conditions(15)and(16) in featurespacebecome��� 
 � � } ���md � >�gf6h � � � � � � � �
� j Zlk�V npW�q Y (18)



O 
 � d � >�gf6h � � � � \ (19)

Since���Hr O , j ZÉkp] , (18)and(19)areequivalentto minimizinga functional:-�.e/��� :�< d 
 �= ��� d � >�gf6h � � � � � Ó � (20)

subjectto theequalityconstraint(19)with Lagrangeparameter� . Furthermore,theoptimal
valueof < d immediatelyyieldsthesensitivity � d , from (18):� d 
 = < d 
 ��� d � >�gf6h � � � � � Ó M�O \ (21)

In otherwords, the distancein featurespacebetweensampleq and its projectionon ]
along(16) determines,through(21), theextentto which leaving out q affectstheclassifi-
cationof q . Note thatonly margin supportvectorsarerelevant in (21), andnot the error
vectorswhichotherwisecontributeto thedecisionboundary.

5 Concluding Remarks

Incrementallearningand,in particular, decrementalunlearningoffer a simpleandcompu-
tationallyefficient schemefor on-lineSVM trainingandexactleave-one-outevaluationof
the generalizationperformanceon the training data. The procedurescanbe directly ex-
tendedto abroaderclassof kernellearningmachineswith convex quadraticcostfunctional
underlinear constraints,including SV regression.The algorithmis intrinsically on-line
andextendsto query-basedlearningmethods[1]. Geometricinterpretationof decremental
unlearningin featurespaceelucidatesaconnection,similar to [13], betweengeneralization
performanceandthedistanceof thedatafrom thesubspacespannedby themargin vectors.

References
[1] C. Campbell,N. CristianiniandA. Smola,“QueryLearningwith LargeMargin Classifiers,” in

Proc.17thInt. Conf. MachineLearning(ICML2000), MorganKaufman,2000.
[2] L. CsatoandM. Opper, “SparseRepresentationfor GaussianProcessModels,” in Adv. Neural

InformationProcessingSystems(NIPS’2000), vol. 13, 2001.
[3] T.-T. Frieß,N. CristianiniandC. Campbell,“The KernelAdatronAlgorithm: A FastandSim-

ple LearningProcedurefor SupportVectorMachines,” in 15th Int. Conf. Machine Learning,
MorganKaufman,1998.

[4] T.S. Jaakkola and D. Haussler, “ProbabilisticKernelMethods,” Proc. 7th Int. Workshopon
Artificial IntelligenceandStatistics,1998.

[5] T. Joachims,“Making Large-ScaleSupportVectorMachineLearningPractical,” in Scḧolkopf,
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