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Abstract

An on-linerecursve algorithmfor trainingsupportvectormachinespne
vector at a time, is presented.Adiabaticincrementsretain the Kuhn-

Tucker conditionson all previously seentraining data, in a number
of stepseachcomputedanalytically The incrementalprocedurds re-

versible,anddecrementalunlearning” offers an efficient methodto ex-

actly evaluateleave-one-ougeneralizatiorperformance.Interpretation
of decrementalinlearningn featurespacesheddight ontherelationship
betweergeneralizationdgeometryof the data.

1 Intr oduction

Traininga supportvectormachineg(SVM) requiressolvinga quadratigprogrammingQP)
problemin a numberof coeficientsequalto the numberof training examples. For very
largedatasetsstandarchumerictechniquesor QPbecomenfeasible.Practicatechniques
decompos¢heprobleminto manageablsubproblemsver partof thedata[7, 5] or, in the
limit, performiterative pairwise[8] or component-wisé€3] optimization. A disadwantage
of thesetechniquess thatthey may give anapproximatesolution,andmay requiremary
passeshroughthe dataseto reacha reasonabléevel of corvergence.An on-linealterna-
tive, thatformulateghe (exact)solutionfor £+ 1 trainingdatain termsof thatfor £ dataand
onenew datapoint, is presentedhere. Theincrementaproceduras reversible,anddecre-
mental“unlearning” of eachtraining sampleproducesan exactleave-one-outestimateof
generalizatioperformancen thetrainingset.

2 Incremental SVM Learning

TraininganSVM “incrementally”on new databy discardingall previous dataexcepttheir
supportvectors,givesonly approximateaesults[11]. In whatfollows we considerincre-
mentallearningasanexacton-line methodto constructhe solutionrecursvely, onepoint
atatime. Thekey is toretaintheKuhn-Tucker (KT) conditionsonall previously seerdata,
while “adiabatically”addinga new datapointto thesolution.

2.1 Kuhn-Tucker conditions

In SVM classification,the optimal separatingunction reducesto a linear combination
of kernelson the training data, f(x) = 3_; a;y; K (x;j,%) + b, with training vectorsx;
andcorrespondindabelsy; = +1. In the dual formulationof the training problem,the
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Figurel: Soft-magin classificatiorSVM training.

coeficientsa; are obtainedby minimizing a corvex quadraticobjectve function under
constraintg12]
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with Lagrangemultiplier (andoffset)b, andwith symmetricpositive definitekernelmatrix
Qi; = yiy; K (xi,%;). Thefirst-orderconditionson W reduceto the Kuhn-Tudker (KT)
conditions:
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which partitionthetrainingdataD andcorrespondingoeficients{a;,b},i = 1,...4,in
threecateyoriesasillustratedin Figurel [9]: the setS of margin supportvectos strictly
onthemamin (y; f(x;) = 1), thesetE of error supportvectos exceedinghe maigin (not
necessarilynisclassified)andtheremainingset R of (ignored)vectorswithin the mamgin.

2.2 Adiabatic increments

The mamgin vector coeficients changevalue during eachincrementalktepto keepall el-
ementsn D in equilibrium i.e.,keeptheir KT conditionssatisfied.In particulay the KT
conditionsareexpressedlifferentiallyas:
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wherea, is thecoeficientbeingincrementednitially zero,of a“candidate’vectoroutside
D. Sinceg; = 0 for the magin vectorworking setS = {si,...s¢,}, the changesn
coeficientsmustsatisfy
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Thus,in equilibrium

Ab = pBAa, (8)
Aa; = pjAae, VjeD (9)
with coeficientsensitivitieggivenby
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whereR = 971, andg; = 0 for all j outsideS. Substitutedn (4), the maginschange
accordingo:

Agi = ’)/iAOéc, Vie DU {C} (11)
with mamin sensitivities
%i=Qic+ Y Qi +viB, Vi¢S (12)
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andvy; =0foralliin S.

2.3 Bookkeeping: upper limit onincrementAa,

It hasbeentacitly assumedbovethatAq, is smallenoughsothatno elemenf D moves
acrossS, E and/orR in the process. Sincethe o; and g; changewith a. through(9)

and(11), somebookkeepingis requiredto checkeachof the following conditions,and
determinghelargestpossibleéncrementAa, accordingly:

1. g. < 0, with equalitywhenc joins S;
2. a. < C, with equalitywhenc joins E;

3. 0< a; <C,Vj € S, with equalityd whenj transferfrom S to R, andequalityC when
j transferdrom S to E;

4. g; <0, Vi € E,with equalitywhens transferdrom E to S;
5. gi > 0, Vi € R, with equalitywheni transferfrom Rt0 S.

2.4 Recursivemagic: R updates
To addcandidate: to theworking mamin vectorsetS, R is expandeds:
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The sameformula appliesto add any vector (not necessariljthe candidate) to S, with
parameterg, §; andvy, calculatedas(10) and(12).

Theexpansiorof R, asincrementalearningitself, is reversible. To removeamairgin vector
k from S, R is contracteds:
Rij < Rij — Rik "RikRr; Vi, j € SU{0};4,5 #k (14)

whereindex 0 refersto theb-term.

TheR updaterules(13) and(14) aresimilar to on-line recursve estimationof the covari-
anceof (sparsified)Gaussiamprocessef?].
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Figure2: Incrementalearning.A new vectot initially for a. = 0 classifiedwith negative
mamin g. < 0, becomes new magin or errorvector

2.5 Incrementalprocedure

Let¢ — £+1, by addingpointc (candidatenagin or errorvector)to D: D! = D¢U{c}.
Thenthe new solution{a‘*™ b*1},i = 1,...£ + 1 is expressedn termsof the present
solution{a}, b*}, the presentlacobiarinverseR, andthe candidatex,, y., as:

Algorithm 1 (IncrementalLearning, £ — ¢ + 1)

1. Initialize o to zeo;
2. If g. > 0, terminate(c is nota mamin or error vector);

3. If g < 0, applythelargestpossibleincrementa. sothat (thefirst) oneof the following
conditionsoccus:

(&) g. = 0: Addc to mamgin setS, updateR accodingly, andterminate;
(b) a. = C: Addc to error setE, andterminate;

(c) Elementsof D¢ migrate across S, E, and R (“bookkeeping section2.3): Update
membeshipof elementsnd,if S changes,updateR accodingly.

andrepeatasnecessary

The incrementalprocedures illustratedin Figure2. Old vectors,from previously seen
training data,may changestatusalongthe way, but the procesf addingthe training data
¢ to thesolutioncorvergesin afinite numberof steps.

2.6 Practical considerations

Thetrajectoryof anexampleincrementatraining sessioris shovn in Figure3. Thealgo-
rithm yields resultsidenticalto thoseat corvergenceusingotherQP approache§r], with

comparablespeed®n variousdatasetsangingup to severalthousandsraining points'.

A practicalon-linevariantfor largerdatasetss obtainedby keepingtrackonly of alimited
setof “resene” vectors:R = {¢ € D | 0 < g; < €}, anddiscardingall datafor which
g; > €. For smalle, this implies a small overheadn memoryover S andE. Thelarger
¢, the smallerthe probability of missinga future margin or error vectorin previous data.
Theresultingstorageequirementsredominatedy thatfor theinverseJacobiarik, which

scaleas(£s)? wherels is thenumberof margin supportvectors #5S.

3 Decremental“Unlear ning”

Leave-one-oufLOO) is a standardprocedurean predictingthe generalizatiorpower of a
trainedclassifier both from a theoreticaland empirical perspectie [12]. It is naturally
implementedby decementalunlearning adiabaticreversalof incrementallearning, on
eachof thetrainingdatafrom thefull trainedsolution.Similar (but different)bookkeeping
of elementsnigratingacrossS, E andR appliesasin theincrementatase.

Matlab codeanddataareavailableat http:/bad.ecejhu.edu/pub/grt/svm/incemental
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Figure 3: Trajectoryof coeficientsa; asa function of iterationstepduring training, for
¢ = 100 non-separablg@ointsin two dimensionswith C = 10, andusinga Gaussian
kernelwith & = 1. Thedatasequencés shavn ontheleft.

% %

C & a=C: &,

Figure4: Leave-one-ou(LOO) decrementalinlearning(a. — 0) for estimatinggeneral-

ization performancedirectly on thetrainingdata.g.\° < —1 revealsa LOO classification
error.

3.1 Leave-one-outprocedure

Let? — ¢ — 1, by removing pointc (margin or errorvector)from D: D\¢ = D\ {c}. The
solution{a;\¢, b\°} is expressedn termsof {a;, b}, R andtheremavedpointx., y.. The
solutionyieldsg. \¢, which determinesvhetherdeaving ¢ out of thetrainingsetgeneratesa
classificatiorerror (g, \® < —1). Startingfrom thefull £-pointsolution:
Algorithm 2 (DecrementalUnlearning, £ — £ — 1, and LOO Classification)

1. If cisnotamamin or error vector: Terminate “corr ect” (c is alreadyleft out,andcorrectly
classified);

2. If ¢ is a mamin or error vectorwith g < —1: Terminate “incorr ect” (by defaultas a
training error);

3. If cisamamin or error vectorwith g. > —1, applythelargestpossibledecementa, so
that (thefirst) oneof thefollowing conditionsoccuss:

(@) ge < —1: Terminate “incorr ect”;
(b) a. = 0: Terminate “corr ect”;

(c) Elementf D migrateacrossS, E, and R : Updatemembeship of elementsnd,
if S changes,updateR accodingly.

andrepeatasnecessary

Theleave-one-ouprocedurds illustratedin Figure4.
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Figure5: Trajectoryof LOO mawin g. asafunctionof leave-one-outoeficienta.. The
dataandparametersreasin Figure3.

3.2 Leave-one-outconsiderations

If anexact LOO estimateis requestediwo passeghroughthe dataare required. The
LOO passhassimilar run-time compleity andmemoryrequirementasthe incremental
learningprocedureThisis significantlybetterthanthe corventionalapproactto empirical
LOO evaluationwhichrequires? (partialbut possiblystill extensve)trainingsessions.
Thereis aclearcorrespondencieetweergeneralizatioperformanceandthe LOO mamgin

sensitvity .. As shavn in Figure4, the valueof the LOO magin g.\° is obtainedfrom
the sequencef g. vs. a, sggmentsfor eachof the decremensteps,andthusdetermined
by theirslopesy.. Incidentally theLOO approximatiorusinglinearresponse¢heoryin [6]
correspondso thefirst sgmentof the LOO procedureeffectively extrapolatingthe value
of g.\¢ from the initial valueof .. This simple LOO approximationgives satisactory
resultsin most(thoughnotall) casessillustratedin theexampleLOO sessiorof Figure5.
Recentwork in statisticalearningtheoryhassoughtimprovedgeneralizatiorperformance
by consideringnon-uniformityof distributionsin featurespace/13] or non-uniformityin
thekernelmatrixeigenspectrurfil0]. A geometricainterpretatiorof decrementalnlearn-
ing, presenteadhext, shedsfurtherlight on the dependencef generalizatiorperformance,
throughry., onthe geometryof thedata.

4 GeometricInter pretation in Feature Space

ThedifferentialKuhn-Tuckerconditions(4) and(5) translatedirectly in termsof the sensi-
tivitiesy; and3; as

Y o= Qiet+ Y Qufi+yB  Vie Du{c} (15)
j€s
0 = g+ > uibs- (16)
jes

Throughthe nonlinearmapX; = y;p(x;) into featurespacethe kernelmatrix elements
reduceto linearinnerproducts:

Qij = yiy; K (xi,%x5) = X; - X, Vi, j 17)
andtheKT sensitvity conditions(15) and(16) in featurespacebecome
vi = Xi-(Xe+ > X;B)+yB  Vie DUu{c} (18)
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0 = g+ S usbs (19)
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Sincey; =0,Vi € S, (18)and(19) areequialentto minimizing a functional:
. 1 2
I%ljl’l : Wc = §(Xc + ijﬂg) , (20)

j€S
subjectio theequalityconstrain(19)with Lagrangeparametep. Furthermoretheoptimal
valueof W, immediatelyyieldsthe sensitvity ~., from (18):

Ye=2W,=(Xc+ Y X;8)* >0. (21)
JjES
In otherwords, the distancein featurespacebetweensamplec andits projectionon S
along(16) determinesthrough(21), the extentto which leaving out ¢ affectsthe classifi-
cationof ¢. Notethatonly mamgin supportvectorsarerelevantin (21), andnot the error
vectorswhich otherwisecontributeto thedecisionboundary

5 Concluding Remarks

Incrementalearningand,in particular decrementalinlearningoffer a simpleandcompu-
tationally efficient schemdor on-line SVM trainingandexactleave-one-outvaluationof
the generalizatiorperformanceon the training data. The proceduresanbe directly ex-
tendedo abroaderclassof kernellearningmachinesith corvex quadraticcostfunctional
underlinear constraintsjncluding SV regression. The algorithmis intrinsically on-line
andextendsto query-basedearningmethodq1]. Geometridnterpretatiorof decremental
unlearningn featurespaceelucidates connectionsimilarto [13], betweergeneralization
performancandthedistanceof thedatafrom the subspacspannedy themamin vectors.
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