BENG 221: Mathematical Methods in Bioengineering

Lecture 6

Solutions to PDEs over Bounded and Unbounded
Domains

References

Haberman APDE, Ch. 2.
Haberman APDE, Ch. 3.
Haberman APDE, Ch. 10.



SoLVTloN  To PDEs ON BHOUNDED Doma/ns

L-.: Q%M\w fﬁin\a\\o«n o untvual [ 2_14'

/3{ ) D;?-: " Ic : m(X0)= é(ﬁ
D X BC:E (..-,k)-o

M( ‘l‘%} e) =9

APM(X/(')
. /VM[;;:?_.): (x) =1

4G d bx)
‘-:‘-) 4}3 x) —,(,? = D . _‘3;7 : G(P)
a\2<f>(x) 1Gl
’ dx 1K
= = — 1
<f(><) D Gy A
I ¢
\ﬂv wq/e — d»c.m’r.\:‘J':ﬁx
ouLy onLy A £



= Tome = A o
d& r\x

- ADt
S =-ADe o CW- gf).e /z/o ¥t

. od\u\t\‘:c:Wv(J \
- 5\~m- W ‘w\’( m?ﬂ{“

44 ) . ;u(-é,kﬁ $(-3)- 6(H=0 Ve
A‘Xz ’ A(t - ik b /u(«rg',(f): 4(*;),6(?):0 Ye

2 4(-5)- 4(5) = -

o jg:o? =) 4)(,0.«, Ax + P => A=8B=0 Tuival 220 pduNon

B.cC.
e A<o] 3 +(x):Aem’+ 5(,'@" => AzBzO abwe vk
“‘-r‘: \;agv B.c. Zeso pdN o~

cAsel o <}(,\):AC”((;\‘,Q + B o (VAR
B.C ;A @ (FE) + B 2nlVR3) =0
A @(RE)~ B »n(ii5) =0
= A es(VAE) = B anm(A5)= 0
A ad § wn't BoTH A zeno a ot polibion
5w‘~‘un e (YX3) ok 2n (AE) comlt Bot Lo 20w
- Ly -
2 vt 7 o :D «;‘é;(?z;"jm,m A= o+ 20

N Azo Ao ,,c.,(ﬁ‘é‘):o
L \/—1 2"
= ﬁf'—’ mTr/ PR A= 1_



Dolbkiers:  u(x0) = A Coo((z'"”mx) e
L

{ dane Glo)zl) e
24T 2
_ T ~-D “’") t
o’ M()(a\’) = b Den (%)() e (L m= ',2,3’/

AL Hoe poliions M\:% e .4 R B.C
Ondlm 1 4v~'ﬁ Mo DJﬁb e I.c. |

5, shon o de nwone ! R (oertM)Om e
“TATDAM\‘M ( Wdf o oa(ut‘;\?n o the 10E wa B.j)
G l)w\iaég H.,, I.c.

enr)T\2
_ &)
9. 1) L
2mﬂ'
"ergcenmope! - ) e
EXPAriSloN Z b. \m(2 v) ¢

C. . éb()’ m(x 0)= ZAM Cna'"“) ) ng Mvaﬂfx)
{ m=07 ,,\,,?

Dlx) SA (x,,;) . x | /

ORTHDGONAL- SET of
BASIS FUNCTIONS

e




ém = Z A ch(x) + j JSM<;>,,’ (%)

(2m+')17)<)

vi&{<fm(x) =
’
i )

b X 3*,“()()/ 4?1()43 » om\i?oﬁvel v ot 8

j«f(x) $mlx) Ax = ;;gm e

\n\
vt

4200 d4e = 5 Lo

Ntr\

(
)

j m(x) c;’z,.(x)otx =

+4 ®

j ém Lf,m(x)wb(
jﬁ@cf,mlx)a\x = 2 B 3 Ome

m=l

T
5 N
hir

Q\l‘

T3



. 2 -z )
$alo) = £ baz £ gula= 0

>
3
\»
In

o9
Gt DR @~ 2
Z | - . D — )t

\J
'S
X
X
]
Sip

mz9

( X .
T 4pt o oa(m)(\\mb"

NoT€ : L  u(xb) = {———«“ e
LD Y bt the UNBouNDED W



\fwvlm\(im ord Wm

NoMogeneovs PDEs WITH HoMoGeneous B.C.

M(XA‘)
1) Hwaw'm %‘M‘m wih  zew  vALVE  B.C.
(o) L X

o e m(r0)=4a(x) : I1.c. @E=0

e =P e vt (0,0 Yy

g4 COR? x(0,6) =%0 1 BC. @ K0 (2eto Wmuk)
amlL, t): o : Pc. C )&:L(Zepokae)

jar,\,nn 3 vondalles 1 u(xb) = <}:(x). G le)
A §Gck)= e~

$(x) = A @r({n) + B am(VAx)

X mowr uath »%M xw&o oo and MJAB 8“"“‘“”
p.C [ x=o: 4’(0):0 = A=0
[B8.c @ x=L: #(L):o =) A (\f/—\L):o ES) \[}Zg _‘;_:_ﬂ' (m:l'l)m)

anuuub Gﬁmv«h ;x‘\m\’m;

m(x, b)) = 2_ b 0‘”‘(?") ¢

m=
éx%‘oieako Br w th o‘bu«wch cfrmm'o; % _
JC. @ €=o0: m(x,0) = D(x) = Z _Bm Avn(z")

m=

ot orvwo A H‘ v N ovtn :
2,3 D,mL\D ) 03 Rror> 3..,.«)« fo,L7

2 T
Bo= £ J )0 (B min
o]

DY



MmixV

Wy
- Lt)=0
l) ng/nlob\o %A{O’Y\ \MU\ 200 FUJ)( B‘C. : —'u{o,k): X
K
i

—
A

o
P4
o
| s S

Ic. @ t=0

B.C. @ x=0 (zero FLUX)
((%f;(Ly)« ! B @ xsL (zeto Rk

. -AD
Ay wlx= $09.61 Wi fém: e T

@) 2 A 6o (A0 + B sin((Gx)
3,(,\“ $.C mow nuwk ™ 0;5,.\
;5-6@)"0 ; Aj)(o)::o

=) ﬁ,o
b.c @ x=L : ,‘,%:(L) o =) pn(VA)=0 = (=" (m-€:2>

oo o o

m(x, k) = Z— Anm 69(”‘“ )6 ( :Ao +Z

do¥s A in e eXpanrion ¥
u o -

I¢Ct20: u(x0)= alx) =

INCLUDE GoNSTANT]

3
k)

d

o"" Z Am c”(’f-rx)
on, L‘D omU]\oDamk\ ‘j e Rrenin 5‘%0\\@ o EO L]
A, = L_Ja(x)olx {wajiatx ;_)

Am j D(X) Coo )olx m= 1,23 ..

u



3) H,omayv\um o o wlh mixd

2o NALVE #nd 2o FLUX  B.C, - c.D.

QM _ Q,u . MX,0) = (x) : Ic. @ t=0
P = b
ok X slo) = i B.c. @ x=0 (2ero vALuE)
C(%':[ Lk) = o : B @ x>l (zeeo FLOX)

Abm'» MIx €)= 4{9()0.5&) sk ;GM:C-/\D?

4>(X) = A @ (VA + B pin (VAK)
Mixed M-%w B.c. aow rwulk |, ub,.ﬂv‘bw,:
{5.6,@)(:0 ! (})(o)so => A =0
. d
66 Ca)(; N j(l_);o :) 609[‘(5&‘_;>=O :._) F =(22'Z+l)rr (nzoj,jz>

wd
gm o @mr)m\2
Z 3. sw (% )“x) e D( k

M()(/k> 2L

mZ0

whow o uégmxs,e ok

le@t=0: X0 = o(x) - Z—o B J)W‘([Zm-n)ﬂ )

-, éa,\;h XD o"ﬁ“am*l*\‘a 6 J(M‘,,BN\\N ovn Jo LY :

2~\+)1T
jb(x) x) X mso912,2.

NoTE ; 4, - .C. @ N pen with "
S Y vy Sk e

SR




au(x k)
Lf') ‘H/OWYV\O_DWD wowre urmkm wth 2o ol B.C. : l /l
0 L A

Dt o /b_l& ~ u(X0)= alx) ¢ yawe 1.6 @ k=0

— = C DX with %’:’(ﬁ,o)= () veocny 1c, @ k=0
#(0,£)= o : 2ERoymuE B @ -0
mlhP= 0 zero i B @ -

§o‘w\mo§ viaklio 1 p(%,b) = cf(x). G(e)

d*bx) 4260
ax? | at? i 9
$09 ct i
Gl&)

2 Gl)= C (b + D nim( VA
D w0 = ) o (T ) (€ (T et) £ o (F 1))

Mul

o%TH,

} /“()(/")"'D(f) = Z Com />w~ T ) =) C j D(%) A -L-")ob(

ORTH.

T.c S
Z;%.:(x,o): R(x)=2 *I:C m ”“‘(“) 7 D "‘5“‘)%( T x) dx

mn>l 0



©) Homgra

Similan, Wit SAME Z} mw 3, g é‘"

wonse

\e w\tL 2o TLUX o MIXED B.C, ¢

\Mk Saonre B . Co

) M (%,k) = Z_ C;) (%) {C @ (VX ck) + P i & 5"))

m=2°

whew E_‘t . e 2e¥o VALE/PLUR B,C. (@ =@
dx* ’ 4? -0 ;Zél-o VKWE/PLUX B.c. @A=L
‘M\\C’l \’o W\h o\A o W W& 56’""86.

oFTH. (). ol dx

T.c.; ( MXe)= ()(x) ZC+(;c) = (= jZ) $n
f(‘#m(?())ob(

oeTH. L} )

) a0+ 410 - JBeso b D p o LA
) " A.c f'—(‘f,..{x))talx

o

® VALUE -VKLUE §.C!

—‘%—I—')x
o L

e FLUX-FLUX B.C :

~~ 5 x

° L
* VALUE - FLUX B.C :

) L
e FLUX- W\LUELL
ojga-ﬂ(

bt 2 (7.

40\()&) = o (\(A-‘”x)

- T
Ci’ (x)= /)\m(\ﬁ' x) \[ﬂj,ﬁ 2, m=1,23...

L
j(+m(x)),«x 5
4’4.(;0 m(ﬁx} m= "-)‘-_-Tr, n=0,1)33...
J@’m’”ﬂx F >0 5&} (x)) dx = L.

\[ﬂ-’: = (m*é)t ) ’Y\:CDJ}’Z“

( SM\E)

5 (+M()<)) '1)(

(5aMe>



ey

P Dﬁmm wih VALE-VaE B.C R 1o a(x) = 4 (oxxsL)

W2
=) €
3),4(,(,() _ 2 bm /)J,. MTI')() D(L-)
! L MTT
. 2 LT 2
wnbh 5. = L‘J/}\m({-x)ob(: = olot——[c-:oc]
dg'_"_g_Tx = /'—-fl_ ) M<T OJJ-
. N o , m>wwm
i i (mrrx) -D('%Dzk
2 alxf) = Z e A A
m:’,},g..v
(ov?)
" (x)=Q
o Wt Vave—fuk B.C. & I.C-fsgbd: g(,({_)
. [ ide ok e end )
':.) M(x/é) = Z :Pm Nim ("\-lvé)%)() /Jch((m"’i)g Ct)
a=0
L
W D s == (M) sl ) dx = = pinfaedr)
(n—} Wc (M-!";_)WC w)\v
=)
pad C'\) INE
= mlx,b) = Z (”H';_)]Tc .(@((m+z)z()<-d‘))—C”((M%)%(X+c€))>

Nwel A --'{Cn(ot D = ool Ab)
%ﬂ N .(,(5 /’ *ﬁ



. D %m Wt PERIODIC B.C
= ] . ? Te: mlue) :a(") g e v‘/r«wl_

O BC + mlx k)= mlxiLp) / VLW'.AQ u/rw’ml& L

gtq_m,-m 6 rondleo m(XRy) = §b(x). G (¥)

. G = - AD¢t
As Xr%%-t (t) e
¢(X)= A o> Ax + B oo VAN

B o il tzgswx }oow-AD T

4))() Jum/obc =) ﬁ,l_ = m. 2T m=0 17

fernds ex
Q e -
Mmx,6) = 2 (A Cn(“ )+ B o _ﬁ_ﬂx)) e—b('z—:) ¢

é’%«'dw\(” Am ek P, /)»Wéa:

mx,o) = 2 (A ¢ol mzrx) + 5. /Mmzrrx)) D (%)

M=

Cot

N ¢ L

An = Z j D(x) Cc»?(”“"z'y'x) dx

° L

b - jg() pi ) Ay



SelLUTloN To TDEs ON INFINITE DOMANS

™ %ﬁ,\m withekt sowa Yom  ( me foE )

1 m(xo)= alx) , -®<
(bk P n A ?84: (= ma"D

./U'(.‘i’oozt) = 0

€ XE+P

501‘“\({“\ e 60\#\50\' dorrain  un ppacy (X venadl)
,L)( %(5&) -.-. }x(»(x,k)) = /';/ do,u(x,e) Cgi);xolx

Fownitn, ' X
=) 3)‘ ( [{0—1 M(XIU) = ’()5 U.(j,l’)
3}‘ ( (%2; ,ulxk)) z (‘;)S)Zu(j)(/) = _57' u,{j;l’)

~ a4 W30 = - D3 U3
5"&“\‘.% o b Kime  doveain ( oraidens 5
R crd

u(st)= u(g,0) ¢ -
BMW\ amw JL‘JL A ”‘*‘& X 1 unvane 5owww

w (%, 6) = B (LL(B V) - ﬂj Wj@&‘ﬁ"&r
vau,ﬁww

i3



= wmve ﬁwwim 03 ~ rNAW/\'-

e U(F.e): iwj PR "““"3&):

4P

W(%,0)= j wlx,0) ¢ V3" k<

/.9
> (%) c)g)“lx
/, /)
2

-D3t Fowis of - erdiy o, St

oy
ey

= GorwoluNen od D\%) ws A0O

* e

) = ()W X Ao

4P
X = j z(xp) . X\.(X"‘)(o} AXo

festonst mmil_ |M?UL9$E€ é&:%
/> X L ACTIVKTION gESTONE 5 YU e
’ (A Xo, t=0 ko) il @ Xo, £o=0

on ((‘w(\""x @ x/'k






Wowe uro\\ , o vngm‘\’e dommain ol sowce Toum (L"Zwow)

. M(X 0) ) ® X §t+*°
(z)e’- fbx’ Fo) - 0"‘)
B c u(-» k) T 0

A(W)k)z o

/w%w k,wé,w Vo e Townir dormin > e [ x vanidd) ¢

(7)

3t 5(’) —63 5

0 :‘ u v \] i ]C
}‘M \” v

L{,(},l{)= T_P;(g) c"')°5* 4 (P— (3)C+Jc3t
Vo Y

uleqution onotarts ” 5
W:Z;:‘A Y Ll and

nArne "W (%9 u\} 5°W\(‘0\ -\o‘mﬂ:’\

N 3°W\Aw Xod w\a V.
2 e

- Cst X cib (3x
mlx) = zﬁ j W (3)‘5 J 633 A3 + ﬂjljj(j)c )3 “)5
\:‘)\S/(::-/C") Js(x-rck)

=YX & Y (x3e) g
FORWALD WAVE peverse wAVE g, - 9;‘ ( Y«>

vhoul —cC
A 3 MG A



,u(;(, \o):: D()‘) = “h (7‘) + HU_ (X)

({%—:(7‘/0) . D(X) - C.‘(—— t[J:(x) *f\}’.’(;c)>
VA“A, / ijz (x) = a’i i 6o

9. 3 x
2 Y- 2 Y0

S k- ! O’(x.)xxo

5 Rox 1= d s bw) g
:’OM

*(-@): O ord

3 (—*) =P
:\-r)’(-a) zo

57§ Dw: Y0+ Q)
chio= —Y,0 + 4 )

X
= Ta : (()w ~ L(XO what 4lﬂ:b(xoﬂk
Y. o= 1 (0(79 +cdiw) -



unction linanal(ns)

Homogeneous PDE: Linear (1-D) Diffusion

Analytical solutions on bounded and infinite domain
BENG 221 example, 10/8/2013

ns: number of terms in the infinite series

e.g

£
%
%
%
%
%
%
% e.g.:
% >> linanal(30);
%

% diffusion constant
global D
D = 0.001;

% domain

dx = 0.02; % step size in x dimension

dt = 0.1; % step size in t dimension

xmesh = —-1:dx:1; % domain in x; L/2 =1

tmesh = 0:dt:10; % domain in t

nx = length(xmesh); % number of points in x dimension
nt = length(tmesh); % number of points in t dimension

% solution on bounded domain using separation of variables
sol sep = zeros(nt, nx);
for n = 0:ns-1

k = (2*ntl)*pi/2; & L = 2

sol _sep = sol sep + exp(-D*(k"2)*tmesh)’ * cos(k*xmesh);
end

figure(1l)
surf (tmesh,xmesh,sol _sep’)

title([ 'Separation of variables on bounded domain (first ’, num2str(ns),

xlabel('t")
ylabel('x")
zlabel('u(x,t)’)

% solution on infinite domain using Fourier

" terms in series)’])

sol _inf = (4*pi*D*tmesh’ * ones(l,nx))."(-.5) .* exp(—(4*D*tmesh).”(-1)’ * xmesh."2);

figure(2)

surf (tmesh,xmesh,sol inf’)

title(’'Gaussian solution on infinite domain’)
xlabel('t")

ylabel('x")

zlabel('u(x,t)’)



u(x,t)

ation of vari
ariables
on
bounded domain (fi
irst 5 terms i
: s in serie
s)

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

\ w‘\\\\\\\\\\\\\\\\\\\\\\\\\\ i
\\\\N&k\\\\\\\\\\\\\m&m
\\\ \\\\\\
\\\e
\\\\“ ‘\\ il

\
{\\ \
“\ H\\\\\\\\‘\\‘ I



u(x,t)
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Separation of variables on bounded domain (first 30 terms in series)
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Gaussian solution on infinite domain
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u(x,0)

Gibbs phenomenon in truncated series expansion: t=0
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Gibbs phenomenon in truncated series expansion: t=1
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Gibbs phenomenon in truncated series expansion: t=3
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